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SYLLABUS 

ENGINEERING MATHEMATICS-III 
2 " 2 " 0 (Common to all branches) credits 4 

Module 1 : Fourier Seires ( l2 hours) 

Dirichlet conditions— Fourier series with period 2n and 21— Half range sine and cosine 
series— Harmonic Analysis— r.m.s. Value. 

Module 12 : Fourier Transform (12 hours) 

Statement of Fourier integral theorem— Fourier transforms— derivative of transforms- 
convolution theorem (no proof)— Parsevals identity. 

Module 3 : Partial Differential Equations (12 hours) 

Formation by eliminating arbitrary constants and arbitrary functions— solution of 
Lagrange's equation— Charpits method— solution of Homogeneous partial differential equations 
with constant coefficients. 

Module 4 : Probability Distribution (12 hours) 

Concept of random variable, probability distribution— Bernoulli'trial— Discrete 
distribution — Binomial distribution— its mean and variance-fitting of Binomial distribution — 
Poisson distribution as a limiting case of Binomial distribution — its mean and variance — 
fitting of Poisson distribution — continuous distribution — Uniform distribution — exponential 
distribution — its mean and variance — Normal distribution — Standard normal curve — its 
properties. 

Module 5 : Testing of Hypothesis ( 12 hours) 

Population and Samples — Hypothesis — level of significance — type I and type II error — 
Large samples tests — test of significance for single proportion, difference of proportion, single 
mean, difference of mean — chi— square test for variance— F 'test for equality of variances for 
small samples. 



Noticeable Concepts 



Use of Greek Letters 



a 


alpha 




phi 


K 


kappa 


T 


tau 


P 


beta 




psi 




rau 


X 


chi 


Y 


gamma 


% 


xi 


V 


nu 


CO 


omega 


.5 


delta 




eta 


n 


Pi 


A 


cap. delta 


e 


epsilon 


t 


zeta 


P 


rho 






i 


iota 


X 


lambda 


a 


sigma 






e 


theta 


F 


cap. gamma 


£ 


cap. sigma 







Some Important Notations 



G 


belongs to 


<=> 


implies and implied by 




does not belong to 


iff 


if and only if 


=> 


implies 


u 


union 






n 


intersection 



Useful Data 



V2 = 


1.4142 


1 

k 


= 0.3183 


1 rad. 


= 57° 17' 45" 


log 10 e 


= 0.4343 


s = 


1.732 


e 


= 2.7183 


1° 


= 0.0174 rad. 


log g 2 


= 0,6931 


ft = 


3.1416 


1 

e 


= 0.3679 


log e 10 


= 2.3026 


log, 3 


= 1.0986 



Some Mathematical Symbols 





equals 




is of the order of magnitude of 




equals approximately 


oc 


is proportional to 




is not equal to 


lim 


the limit of 




is identical to, is defined as 




the sum of 


> 


is greater than 


\ 


the integral of 


» 


is much greater than 


Ax 


the change or difference in x 




is greater than or equal to 


1 x 1 


the absolute value or magnitude of x 


< 


is less than 




the average value of x 


« 


is much less than 


dfldx 


the derivative of/* with respect to x 


< 


is less than or equal to 


dfldx 


the partial derivative of f with respect to x 
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Fourier Series 



1.1. PERIODIC FUNCTIONS 

A function fix) which satisfies the relation fix + T) = fix) for all x is called a periodic 
function. The smallest positive number T, for which this relation holds, is called the period of 

flxl 

If T is the period of fix), then fix) = fix + T) = f{x + 2T) = =/(* + nT) = 

Also /U)=/U-T)=/lc-2T) = =/U-nT) = 

.*. = fix ± n.T), where n is a positive integer. 
Thus, f[x) repeats itself after periods of T. 

For example, sin x, cos x, sec x and cosec x are periodic functions with period 2n while 
tan* and cot* are periodic functions with period n. The functions sin nx and cos nx are periodic 
2n 

with period — . 

n 

The sum of a number of periodic functions is also periodic. If T 1 and T 2 are the periods of 
fix) and gix), then the period of a fix) + b g{x) is the least common multiple of 1\ and T 2 . 

2tc 

For example, cos x, cos 2x, cos 3* are periodic functions with periods 2jt, k and — re- 
spectively. 

. f[ x ) = cosx + ^-cos 2x + | cos 3xis also periodic with period 2k, theL.C.M. of 2n, n and 

2k 
3 " 

1.2. FOURIER SERIES 

Periodic functions are of common occurrence in many physical and engineering prob- 
lems ; for example, in conduction of heat and mechanical vibrations. It is useful to express 
these functions in a series of sines and cosines. Most of the single valued functions which occur 

in applied mathematics can be expressed in the form ^ + a i cos x + a 2 cos 2x + a 3 cos Sx + 
+ 6 t sin x + b 2 sin 2x + 6 3 sin 3x + 

within a desired range of values of the variable. Such a series is known as Fourier Series. 
Thus, any function fix) defined in the interval c l <> x < c 2 can be expressed in the Fourier beries 



f fix) - — + ^ {a„ cos nx + b fl sin nx) 

L^^JL^^^ — 

where a*, a h (n = 1, 2, 3 > are constants, called the Fourier eo-efficienu of A*) 
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Note. To determine a 0 , a n and b n , we shall need the following results : (m and n are integers) 



(j) J sm Tlx dx =- |^5 QS nx j = 0, J cos nx doc = j^— 



:0,n*0 



(it) sin mx cos rat dx = 

Jc 



1 fC + 2it 

— I [sin (m + n) * + sin Cm - n) x] dx 

2 J c 

c + 2jc 

= 0, m * n 



(iii) cos mx cos nx* dx = — I [cos (m + n) x + cos (m - n) x] dx 

«*c 2 Jc 

1 sin (m + n)x sin (m. - n)x 



1 |" cos (m + n) x | cos (m-n)x 

2 |_ m + n m - n 



c + 2n 



sin mx sin nx dx = — j [cos (m - n) x - cos (m + n) x] dx 
Jc 2 J c 

]c +■ 0w 
c 



m + n 

e c + 2rt 



= 0, m * n 



m ~ n m - 



= 0, m * n 



(u) cos 2 nx dx = - + = ic, sin 2 nx dx = - 

Jc 2 4n c Jc L2 4n J c 



* tc, n * 0 



, „ r + 2n . , 1 f c + 2 * . _ , ircos2nxl 
(ui) sin nx cos nx dx = — \ sm 2nx dx = 1 — 1 



2 J c 



■SI" 



3S 2nxT * 
2n J c 



= 0, n * 0 



(tni) To integrate the product of two functions, one of which is a positive integral power ofx, we 
apply the generalised rule of integration by parts. If dashes denote differentiation and suffixes denote 
integration w.r.t. x, the rule can be stated as follows : 

j uv dx - uvi - 1/1*2 + u " v 3 ~ u "' v a + where u and v are functions ofx. i.e., Integral of the 

product of two functions 

= lHt function x integral of 2nd - go on differentiating 1st, integrating 2nd, signs alternately + ve 
and-ve. 

[Simplification should be done only when the integration is over.] 



]-3x 2 


[ e~ 2x ' 


+ 6x 


-2x 

e 


-6 


[ € ' 2X ] 


(- 2) 2 


_{-2) 3 _ 




(- 2) 4 



3 o 3 



1 .-2. 



f 2 i 2 ( sin nx \ . ( - cos nx ^ n ( sin 



x d --x~--x--=-- e~ £x <4x J + 6x z + 6x + 3) 
4 4 8J 8 

nx 



x l . 2x 2 . 
— sin nx + — ^ cos nx r- sin nx. 



(uiii) 



sin nrc «s 0 and cosnn = (-l) rt 



sin [ n + i j k = f- l) n and cos fn + -i j it = 0 , where n. is an integer. 
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(ix) Even and Odd Functions 

A function fix) is said to be even if /I- x) = fix) e.g., x 2 , cos x, sin 2 x are even functions. 
The graph of an even function is symmetrical about the v-axis. 

A function fix) is said to be odd if fl- x) = - fix) e.g., x z > sin x, tan 3 x are odd functions. 
The graph of an odd function is symmetrical about the origin. 

The product of two even functions or two odd" functions is an even function while the product of 
an even function and an odd function is an odd function. 

Also, J f(x) dx = 0, when fix) is an odd function 
and f f(x)dx = 2 f f{x)dx t when fix) is an even function. 

J-c JO 

1.3. EULER'S FORMULAE 

The Fourier series for the function fix) in the interval c < x < c + 2n is given by 



fix) = ~- + a n cos nx + ^6„ sin nx 

n = 1 rt = 1 - - i 



..(1) 



In finding the co-efficients a Q , a n and 6 ft , we assume that the series on the right hand 
side of (1) is uniformly convergent for c < x < c + 2x and it can be integrated term by term in the 
given interval. 



To find a 0 , Integrate both sides of (1) w.r.t, x, between the limits c to c + 2k. 



ft o> 



b n sin nx 




dx 



[by formulae (i) above] 



2 



(c + 2tt - c) + 0 + 0 



1 r c+2Tl 
a 0 = — I /"(x) ck: 



To find a n , multiply both sides of (1) by cos nx and integrate w.r.t. x, between the limits 
c to c + 2n. 



cos nxdx = ~\ cos n* eke 



f cosnx 

» 0 + a n + 0 
= a „n 



cos n#d!x 



cfjc +1 2^ K sin rac 

[by formulae (i), (u) and (vi)} 



1 r c + 2n 
a. -if A*) 
7t J c 



cos nx cfoc 
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To findb n , multiply both sides of (1) by sin nx and integrate w.r.t. x between the limits 
c to c + 2tc. 



J fix) sin nx dx =-~- J sin nxdx + J M^, a n 



cos nx 



sin nx dx 



f + 2 " 2>„sir 



sin nx dx 



= 0 + 0 + 6 n 7C 



[by formulae (i), (ut) and (u)] 



1 pc + 2n 

6 n = — I f (x) sin fix dx 
71 Jc 



1 fc + 2;t 1 fc+2n 1 K + 

Hence a 0 = — fix) dx\ a n = - /"(*) cos n* dx ; and b n = - A*) sin dx 

...d) 

These values of a n . ct and &„ are called Euler's formulae. 

Cor. l.Ifc-0., the interval becomes 0 <x<2k and the formulae I reduce to 

a o-~ \ fW dx\ a n = — fix) cos nx dx ; b n = — /"(x) sin nx dx 
71 Jo 7C *o 7t *o 

Cor. 2. /fc = - 7i, interval becomes -n <x <it t and the formulae I reduce to 

1 f n 1 f* If* 

a 0 =— I /"(x) dx ; a n = — fix) cos nx dt ; b n = — /*(x) sin rcx dx 

7X J- Jt TC^-n 7t J -n 

1 f* 

Cor. 3. When f(x) is an odd function a 0 = — /"(x) dx = 0 

Since cos nx is an even function, therefore, fix) cos nx is an odd function. 
1 f* 

a n = ~ I /"(x) cos nx dx = 0 

71 J- n 

Since sin nx is an odd function, therefore, fix) sin nx is an even function. 

If* 2 f* „ 

b n = — /"(x) sin nxdx = — f(x) sin nx dx ** 

71 J- * 71 Jo 

Hence, if a periodic function /Ix) is odd, its Fourier expansion contains only sine terms, 

% sin nx, wnere e? n = 2 

n = l 

1 t n 2 r" 

When /Fx> is an even function a 0 = — fix) dx - — dx 

7C J - « 7T Jo 

Since cos nx is an even function, therefore, fix) cos nx is an even function. 



6„ sin nx, where 6 n = — fix) sin nx dx 

K J 0 



1 f* 
71 J- n 



cos nx dx •• 



2 r" 
- f fix) 

K JO 



cos nx dx 
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Since sin nx is an odd function, therefore, fix) sin nx is an odd function. 

b n = - P f{x)s'mnxdx = 0 
Hence, if a periodic function fix) is even, its Fourier expansion contains only cosine 

^) _ + ^ a n cos nx, where a o = ~ J Q A*) dx and a o = ~ J Q fW cos nx c&, 



terms, 
i.e., 



n =1 





ILLUSTRATIVE EXAMPLES 











Example 1. Obtain the Fourier series to represent f(x) = — (n - x) 2 , 0 < x < 2k, 
Hence obtain the following relations : 



_Z_ J_ 

>1 2 + 2 2 



;i = i 



_ j_ j J_ y 



n 2 i2 



Sol. Let /*(x) = — (ji - x) 2 = — + ^ a n cos 6 n sin 

4 2 * = 1 



4 - .., 

By Euler's formulae, we have 

1 f 2 - 1 f 2 * 1 o 

a n = — /"(x)dx = — — (7t - x) i 
nh tc Jo 4 



1 


'(71 -X) 3 " 


4k 


-3 



12k 6 



1 f 2 * 1 f 2,t 1 2 

a n = — I fix) cos nxdx = — — (k - x) cos nx gZx 
7i Jo nJfl 4 

1 I\ v2 sinnx . n/ ,/ cosnx^ - ( 

= -fo 



2k cos 2nK 



1 


'2k 


2k" 


471 


V 





1 f27i ^ r 2n I 

b n =-\ fix) sin nx tfx = — — (k - xY sin nx rfx 
kJo 7tJo 4 

"(„ - 25iE] - 2(k - x)| (- 5^) + 2 fsa 



J 

: 4k 



-i2n 
0 



' 4rt 



* coa2nrc _ + 2 cos 2rtn s 



^. 0 + 



2cos0 
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f(x) = - 



_l_ 
4n 

.2 



y n n z j \ n n 



cos x cos 2i cos 3x 



12 n 2 12 l 2 

Deductions 

CO Putting jc = 0 in equation (1), we get 

™ n * f 1 1 1 1 ^ 

fJL _1 J_ _L l 

4 12 + U 2 + 2 2 *3 2 % 2 + J 

- J- J_ J- _L 

~" l 2 V + 3 2 + 4 2 + " 6 

(») Putting x = Jt in equation we get 

T 2 



^ = T2" 



„ « 1 
° = T2-^ 



2 2 



i 



12 



(tit) Adding (2) and (3), we get 

of 1 1 1 



J-T + T2 



I 



'5 2 



lU 2 



2 4 



8 



Example 2. Expand fix) = x sin x, 0 < x < 2n as a Fourier series. 



Sol. Let f\x) - x sin x = — + ^ a n cos rue + 6 n i 



a n cos rue - 

n * 1 /l » 1 



1 f 2 * 1 f** 

By Euler's formulae, we have a Q = — J q /Tar) <ix = — x sin x <ix 

x(- cos x) - 1 . (- sin x) 
1 f2* 



s -[-2n]--2 



1 f 2 * 1 p2X 

a = — Ax) cos ox rfx = — x s 
n K Jo Jt Jo 



sin x cos nx dx 



1 r 2 * 
= -Lf x(2 
2n Jo 



,..(1) 



.,,(2) 



..(3) 



cos nx sin x) dx 
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1 r 2 * 

- — x[sin (n + 1) x - sin (n - 1) x] dx 
2k h 



_l_ 
2n 



cos (ft + l)x [ cos(n- l)x \ ^ sin(n+l)x | sin(n-l)x ) 
n + l n-l J *\~ (n + l) 2 + (n-l) 2 J_ 

1 f cos 2(n + 1) n ^ cos 2 (ft - 1) n ) 
~2k K [ n + l n-l J 



1 



n + l n-l n-l 
1 r 2n 



t n * 1 



When n = 1, we have a, = — x sin xcosxdx = —\ xsin2xdx 
( cos2xA , ( sin2xY| 

\-—)- x {-—) 



: 2ji 



If! 1 

2* 2 



1 r 2,t 1 r 2 * 

6 n - — I /(x) sin nx dx = — x sin x sin nx dx 
n Jo te Jo 

1 f 2Tt 1 r 2 * 

= — x(2 sin nx sin x) dx = — x[cos (n- l)x-cos(n + Dxjdx 
2tcJo 27cJo 

f sin(n - 1) x _ sin (n + l)x l _ J cos (n - 1) x cos (n + l)x l 
'{ ~l rtTTj '{ (n-l) 2 (n + l) 2 j 

cos 2(n - 1) Ti cos 2(n + 1) n 



_1_ 
2ti 



2rc 

_^ 

' 2n 



(n-l)' 



(n + l) 2 



1 1 

• + - 



(n-ir (n+l)' 



1 



(n-l) 2 (n + l) 2 (n-l) 2 (n + l) z J 

•2* 1 f2* 



= 0, n * 1 



1 r 2 * 1 f 

When n = 1, we have 6 l = -J o xsin xsin x<*x = — x(l-cos2x)<fx 



J_ 

' 2n 

_1_ 
2tc 



gin 2x ^| 
2 J* 



1. Rr + - 



c os 2x ^ 

4 1 



2rt 



rt ,« , 4tc 2 1 1 



x-^(2K 2 ) = 7C 

2tc 



/Xx) = — + a x cosx + 6! sinx+ ^ a n cos nx + £ 6 n sin nx 

2 a-2 n-2 

= - 1 — cos x + 71 sin x + > —5 cos nx + 0 

2 i 2 - 1 

12 2 
= -l + *8m*-£cosjc + --5= L - cos 2x + -2— cos3x + .... 
2 2-1 d — 1 
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Example 3. Find a Fourier series to represent x-x 2 from x = -htox = n. Hence show that 



1 1 



71 

~12 



Sol. Let x y x 2 = + a n cos nx + V b n sin 

By Euler's formulae, we have a 0 = ~ f (s - x 2 ) dx = — 



f _2 w 3 
H 

2 3 



x ) cos nx dx 



2n 2 



= lL-* 2 )^-(l-2^ 

1 I", _ .cos/irc . , cos rati If . cosn7c"\ 

= - (1-2ti) § (l + 2n) ^— =- -4tc. — 

«L n 2 n 2 } rt{ n 2 J 



= -4 



(- D\ 



[V C0S^7t-(-l) ri ] 



l r n 

6 n = — I (x-x ) sin nxdx 

71 J- it 

= IL _ x », (_ _ a - 2.x) (- »^L] + (- 2) [~5« j' 

-it 

7c[ n 



, 2 , cos riT: 0 cos ran 
(tc -n) 2 =— 

cosnTtl rtC-D" 



2s C0S727t rt COSf27t 
+ (- 7C - 7T ) + 2 r 



= -2 



(- D" 



■ 2 I 



3 



(1=1 '* M= 1 

cos* cos 2jc cos3x 



7t 2 .["cOSX 

•T +4 l~" 



cos 2x cos 3x 

^— + -o ■ 



-]♦•[¥- 



sin 2x sin 



sin 2s sin 3x 



Putting x = 0, we get 0 = - + * ^-p- - + 32 j 



X 2 2 2 3 2 4 2 12 
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that 



Example 4. Obtain the Fourier series for the function fix) = x 2 , - n < x < jl Hence show 



11 

2' /+ 3 k 



■-Z 



71 

22 



2 2 _7_ 2 7i 2 

Sol. Since /T- x) « (- x) 2 = * 2 = /(*). 

.*. /(x) is an even function and hence b n = 0 

. Let /l*) = * 2 = Y + Z a,t 



, COS 71X 



3 



Then a „ = fjVw^ = fjV^ = f 
: dx = -J" 1 x 2 c 



: - f{x) cos nx dx = — \ cos rcx dx 



it Jo 
2 

71 



2 ( sin nx 



7T 2 Xjf COS X 



(- D" 

2 — cos n * 



cos 2x + cos 3x cos 4x + 



..(1) 



Putting x = nin (1), we get 

T 1 l 2 2 2 ~ 3 2 4 2 J 3 U z 2 2 3 2 4 2 J 

1 1 ± + _L + = JEl [Result (i)J 

"? 2 2 - 3 2 4 2 6 

Putting x = 0 in (1), we get 0 = — - 4 \j2 " 2 2 3 2 4 2 J 



_1_ _1_ 

* 2 2 + 3 2 



f 1 1 x 

Adding (t) and («), we get 2 I -p* + 5^ 



IT 

12 
1 1 



[Result (u)J 



7C 

! 4 



l l 3 2 + 5 2 8 
Example 5. 06/ain */«? Founer series /or /Tx> = e"* f A* mferua/ 0 < x < 2n. 



[Result (m)J 



Sol. Let fix) = e"* - — + £ a„ cos n* + £ ^ sin nx 

n . 1 n - I 



10 



w 

A TEXTBOOK OP ENGINEERING MATHEMATICS . 



Then 



1 r 2 * If 2 "*, 1 

a 0 = - fU)dx = - e~ x dx = - 
kJq nJo n 

1 r 2 * lr 2lt . 

a = — /*(x) cos nxdx = -\ e cos nxdx 
n Jo it Jo 



1-e 



-2n 



1+ n 



r ( - cos ax + 7i sin nx) 



1-e 



-2n 



i r 2 * 



e at cos bx dx = Aa cos 6x ■+ 6 sin bx) 




1 r 2jt 1 f 2n . 

6 =— f{x) sin nx = - e sin nx dx 

n KJQ 7t Jo 

if «- , . 

Jt|_l + n 2 







- n cos nx) 






o JL- — ] 



271 



1-e" 



J" c p ax 

! v f e a * sin 6x dx = — -(a sin bx-bcosbx) 

A J jcc_±Jl 

« n = ll^ 2+ 11 .4*1 

- + (-cos x + icos 2a: + *^-cos 3x + ] 

2 U 5 10 J 



n sin nx 

_2 



h —sin 



i 2 3 

+ [ -sin x + -sin 2x + — sin 3x + . 
1 ~ 5 10 



) 



Example 6. Find the Fourier series to represent e°* in the interval -n<x<n. Hence 
n 



derive series foi : 



sink 7i 



Sol. Let Ax) = «" = f + 2 a - C0S + t *" "* 

Then a 0 =.ij; K /W*-^.*-*^^- 
a =if /■(*) cos n*dx = -f e"cos»*c& 



I (a a«_ e -.* ) = 2sinha 2 t 



-(a cos nx + n sin nx) 



. 1 [ ac an cos nn - ae 0R cos nit] 
' 7C(a 2 +n 2 ) 



a cos nit (e an - e' a * ) „ 2at- U" sinh a* 



n(a 2 ■+■ n 2 ) 
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Similarly, b n = 



2n{- l) n sinh an 



7t(a 2 + n 2 ) 


sinh an 


a= 1 


+ 

an 


2 sinh an 


1 


n 


2a 



2a(- l) n sinh arc ^ 2n(- l) n sinh an . 

cos nx + > o — sin rw: 



n(a z + n 2 ) 
cos x 

a 2 + l 2 "a" +2* a a +3 a 



cos 2x cos 3x 
+ - 



( 



sin x 2 sin 2* 3 sin 3x 



a 2 -hi 2 a" +2* a z +3' 



Deduction. Putting x = 0 and a = 1, we get 
2 sinh n 



1 = 



I f 1 1 1 1 1 

2~U+1 2 l + 2 2 + l+3 2 1 + 4 2 1 



sinh 7i 



1 1 
- + - 



1 + 2* 1+3* 1+4* 



Example 7. Express fix) = I x I , - tc < x < rc, as Fourier series. 
SoL Since /(-*) = I -x I = I x I = flx) 
.*. fix) is an even function and hence b n = 0 



(M.G.U.Dec. 2007) 



Let 



Then 



Z n-l 

2 f« 2 r n . , 2 f 11 , 2 * 

a 0 =- f(*)dx = -[ lxldx = -J *dx = - - 
0 71 Jo 71 Jo ti Jo n L ! 

o .sip f" I *l cos n* ck*|[% cob iwcfe 

71 Jo 7t J 0 K *° 



2Tcos rut. 



i«i-i-±f 

2 nV 



Ten 



0 , if n is even 
if ti is odd 



Tin 



cos 3x cos 5x 

COS* + s — H ^ — + • 



) 



3* 5 2 

111 TC 2 

Note, Putting x - 0 in the above result, we get + ^ + "g2 + ~ "g~ " 

Example 8. Expand the function f(x) =xsinxasa Fourier series in the interval 

- 71 5 X. £ 71. 

L 1 1 1 1 n " 2 
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Sol. Since x sin x is an even function of x, b =0 
Let f(x) = x sin x = -~ + ^ a n cos nx 



Then 



2r . ,2 



x(- cosx)- sin x) 

i r 



= —(-71 COS 7l) = 2 
71 



2 r t 2 

a 0 = — I x sm x ax = — 
tc Jo Jt 

2 f* 1 j>n 

a„= — *sinxcosnx<ix = - x(2 cos nx sin x) dx 
Jt J o rc Jo 

1 f* 

= — x[sin (n + 1) x - sin (n - l)x] ax 
7t Jo 

{ cos(n + l)x ( cos(n-l)x | f sin (n + Dg ^ sin (n - 1)jc 1 
n + 1 + n-1 J *\ (n + 1) 2 + (n-1) 2 J 



f cos (n + 

7t < 

{ n + 1 



Pre + cos {n - Die 



n-1 

cos (n - 1)tc cos (n + l)jt 

n-1 n+1 

When n is odd, n * 1, n - 1 and n + 1 are even 

a 1 1 = 2 

°" n-1 n+1 n 2 -l 

When n is even, n-1 and n + 1 are odd 

-1 1 -2 
a n = - + - 



,n*l 



When 



n n-1 n+1 n 2 -l 
2 f rc 

n = 1, we have a , = — 

Tl JO 

cos 2x 



x sin x cos x = 



1 f* 

— x sin 2x dx 



1. 



( sin 


n 

_ 1 


I 4 JJ 


0 * 



7C cos 2tu 



H 



x sinx = 1 cosx -2 

2 



cos 2x cos 3x cos Ax cos 5x 
2 2 - 1 " 3 2 - 1 4 2 -l~ 5 2 -l 



Putting x = - , we get * = 1 - 2 
2 2 



•1 1 
- + ■ 



=* 2 U 2 -i 4 2 -l 6 2 -l 

Example 9. Show that for- n < x < n t 



2* - 1 " 4 2 - 1 6 2 - 1 

7t~2 1 



1 ( 1 

1.3 3.5 + 5.7* 



(M.G.U. May 2009) 



sin ax = • 



2sinaK\ sin x 2 sin 2x 3 sin 3x 
?W ~ 2 2 -a 2 + 3 2 -a 2 



Sol. Since sin ax is an odd function of x, a Q = 0 and a n - 0 



Let sin ax = £ & n sin n * 



FOURIER SERIES 



13 



Then 6„ = — sin ax sin nx dx = —\ [cos {n~a)x~ cos {n + a) x] dx 

" 7C Jo It J 0 



sin (n - a)x sin (n + a)x 



sin(yi-a)rc sin(n + a)7t 
n - a n + a 



(- l)' l (-sinarc) (-1)" sin arc 



■(- D n 



n - a 
2n sin arc 
' rc(n 2 - a 2 ) 



n + a 



(- l) n sin arc 



1 



+ a 



2 sin arc 
rc 



(- l) rt 



2 sin arc 



-^-sin 



2 sin 2x 3 sin 3x 
- + - 



2 z -a z 3* - a* J' 
Example 10. Obtain Fourier series for the function fix) given by 
2x 



f(x) = 



J-f — , - rc < * < 0 

71 j 

. 2x. 



rc 



■ , 0 < .X < 71 



Hence deduce that + + + . 

I 2 3 2 5 2 



Sol. When 



f(-*) = l 



-rc<x^0, 
2(- x) 



_ 71 
0^-^ rc 



When 



/•(-*)=! + 



71 

0 < x < rc, 
2(~x) 



l + 2± = f(x) 

71 

- 71 < < 0 

2x 



1- 



■f(x) 



rc rc 

=> fix) is an even function of* in [- rc, rc]. This is also clear from its graph which is 
symmetrical above the y-axis. 
b =0 



Let 



them 



= 0 



w 



14 



A TEXTBOOK OF ENGINEERING MATHEMATICS 



nl nn* nn 2 J ten? 



_ 4 f2cc 



cosx 2cos3x 2 cos 5s 
+ — + — + , 



[v 



3 2 

1 - (- l) n 



8 ( cos jc 



cos 3x cos 5x 

+ n + 5"— + 



0 when n is even] 

) 











1 




-n/2 / 




\k/2 




0 


\ X 


/ 







Putting x 



: 0, we get 4 + 4 + 4- + . 



, since f{0) = 1. 





TEST YOUR KNOWLEDGE 









Expand in a Fourier series the function fix) = x in the interval 0 < * < 2k. 
Express fix) - -|(7t - x) in a Fourier series in the interval 0 < x < 2n. 
Find the Fourier series for the function fix) = x + x' 2 in the interval - ti< x < rc. 
Hence show that 

- 2 111 -2 



(,) l 2 2 2 + 3 2 ~4 2+ ' 



12" 



6 



1 in the interval 0 < x < 2jc, show that/(x)'= — * 

Hence obtain the following relations : 

1111 n 2 _ 1 1.1 1 

(i) F + F + F + F + = T 

2 



71 

12 



1 1 1 

( " l) F + F F 



Tt 

! 8 



5. Prove that for all values ofx between - re and it, —x 



= sin x - —sin 2x + — sin 3x - —sin 4x + . 
2 3 4 



6. 
7. 
8. 
9. 

10, 

11. 
12. 



Obtain the Fourier series to represent in the interval 0 < x < 2k. 
Find the Fourier series to represent e* in the interval - n < x < n. 
Find the Fourier series to represent the function fix) = I sin x l,-it<x <n. 
Expand fix) - I cos x I as a Fourier series in the interval -n<x<n. 

Prove that in the interval - n < x < n, x cos x = - i-sin x + 2 V " 2 - sin » 

2 , = 2 tt ~ l 



Prove that for - ti< x < n, 



x(n 2 -x 2 ) _ sinx sinjx sin 3x sin 4x 
12 l 3 " 2 3 3 3 4 3 



(a) Obtain a Fourier expansion for ^l-cosx in the interval -n<x<n. 
Hint, For all integral values of n, cos {n + 1) re = 0 = cos(n - j) «. 
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(6) Obtain a Fourier series for^/l - cos x in the interval (0, 2n) and hence find the value of 
1.3 + 3,5 + 5.7 + 

13. Express f[x) = cos wx> - 7t < x < 7t, where w is a fraction, as a Fourier series. Hence prove that 

29 



t „ 1 29 
cot G = - + - 



e e 2 - it 2 e 2 - 4k a 

14. Find the Fourier series for fix) in the interval (-n, n) when 

fix) = n + x, -n<x<0 

= K- X, 0<X <K . 

It 

15. Obtain a Fourier series to represent e~° x from x ■ - re to x = Jt. Hence derive senes tor ~. 



2a . . 

16. Prove that in the range - n < x < tc, cosh ax = — sinh arc 



1 v t^l ««« 

5" + / ~2 2 C0S 

2a 2 ^n 2 +a 2 



n = l 



for - ft < x S 0 
for 0 < jc < 7i 



f- x + 1 

17. Given /lx) = j x+1 
Is the function even or odd ? Find the Fourier series for/U') and deduce the value of 

_L _L J- 

l 2 + 3 2 + 5 2 + 

18. Find the Fourier series for fix) = x + x 2 ;'- it < x < rc. 

19. Obtain the F.S, of the function fix) s x ; - n < x < n and deduce that 

4 3 5 7 

Answers 

sin nx 



n ST sm nx 
1. /Yx) = rc - 2 2, — 



3. f(*) = ~--4 



= l 

cos x cos 2x 
~7T~ 9 2 



6, e* 



e * rt - 1 e 



cos3x V n r sin x singx sin 3x 



27t 



1 ^ cosnx n 



7 e * ^ 2 sinh * 



2 3 
sin x - -sin 2x + —sin 3x - . 
5 I" 



)] 



8. t sinx I = 

ji n 



2 4 f cos 2x cos 4x 



o . , 2 4fcos2x cos 4x 
9. lco6atl= _ + ^_ _ + J 



3 15 
cos 2x cos 



cos2nx 
' 4n 8 - 1 ' 



12. (a)l /r^- — ~If§ri W Same as in part (o): I 

rt rt ■ 1 
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2w sin wn ( 1 cos* cos 2x cos3x 

13 . C0SWX= _^|_ + _^--^ +F - 7 



M . n 4 ( cos a; 

14. **)=r-[— - 



cos 3* cos 5jc 



15. e 



2 sinh an 



(1 acosx a cos 
£T~l 2 + a 2 + 2 2 + 



cos 2* 



^ C 3 * n x 2 sin 2x 3 sin 3* 
l 2 +a 2 '~ 2 2 +a 2 + 3 2 + a 2 ' 



sinh % 



1 1 



17 + Even flx) = ~ + 1 - ( cos 
2 7i V 



cos 3* cos 5jc 



8 



„2 - 



18. 251+V it^Lcosw+V + 1 sin 

3 n 2 " n 



19. x = > 

n-1 rt 



1.4. DIRICHLETS CONDITIONS 

The sufficient conditions for the uniform convergence of a Fourier series are called 
Dirichlet's conditions (after Dirichlet, a German mathematician). All the functions that nor- 
mally arise in engineering problems satisfy these conditions and hence they can be expressed 
as a Fourier series. 

Any function fXx) can he expressed as a Fourier series ^ + ^ a n cos ,IX + 2 bft sin nx 

where a Qf a n , b n are constants, provided 

(t) fix) is periodic, single valued and finite 

(ii)f{x) has a finite number of finite discontinuities in any one period, 
(Hi) f(%) has a finite number of maxima and minima. 
When these conditions are satisfied, the Fourier series converges to fix) at every point 
of continuity. At a point of discontinuity, the sum of the series is equal to the mean of the 
limits on the right and left 
U. t l[f(x + 0) + f(x-0)) 

where f{x + 0) and fix - 0) denote the limit on the right and the limit on the left respectively. 

1.5. FOURIER SERIES FOR DISCONTINUOUS FUNCTIONS 

In 1.3, we derived Euler's formulae for a 0 , a n , b n on the 
assumption that fix) is continous in (c, c + 2k). However, if 
fix) has finitely many points of finite discontinuity, even then 
it can be expressed as a Fourier series. The integrals for a 0 , 
a , 6 are to be evaluated by breaking up the range of 
integration. 

Let fix) be defined by fix) = fjx), c<x<x 0 

= f 2 {x), x 0 <x<c + 2k 
where x Q is the point of finite discontinuity in the interval 
(c, c + 2k). 
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The values of a 0 , a n , 6 n are given by 
1 



a 0 = 



It 



1 

K 
1 



f 1 (x)dx+ f 2 (x)dx 
fi(x) cos rw: dx + /* 2 (jc) cos rcx dx 

c Jx 0 

f\ ix) sin nx dx + f 2 (x) sin nx dx 



At x'~ x 0 , there is a finite jump in the graph of the function. Both the limits f[x Q - 0) and 
f{x Q + 0) exist but are unequal. The sum of the Fourier series = ±lf(x 0 - 0) + f(x Q + 0)] = j (AB 
+ AC) = AM, where M is the mid-point of BC. 





ILLUSTRATIVE EXAMPLES 








Example 1. Find the Fourier series to represent the function f(x) given by 




fix) = x for 0Zx<k 




and 


= 2k- x for k<x<2k. 




Deduce that + ~~ 
l 2 3 2 


5 2 8 \ 


(M.G.U. June 2006) 


Sol. Let f{x) = y + 


2] a n cos nx + ^ b n sin nx 

ft * 1 n=l 




Then a o = i c ^ dx = \ \t x dx + c {2n - x) dx \ 





1 




* 2 


n 


9 *' 


2k" 


1 








+ 








7E 




2 


0 


~ ~2" 







- + (4k 2 -2tc 2 )- 2tt 2 -^- 



1 f2" 1 

— fix) cos rcx c?x = — 

71 JO 7T 



j-rt ,-2rr "1 

a: cos nx dx + (2rt - x) cos /ix dx 



f cos nn 1 



cos 2/171 cos nn > 
— + - 



os nn\ 

IT) 



rrf(- D" -1-1 + f- in = — ~o* [(- iv - 1] : 

7T/? " 



«■» if /i is odd 

0, if n is even 



1 I* 2 * 1 i f R f 23 

o„ = — fix) sin nx dx = - \ x sin fix dx (2k - x) sin nx dx ] 
71 Jo ,t ; J*' J s ' 
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nn n cos nn 
— + 



cos 3x cos 5x 

+ S— + n + . 



) 



If" K COS 

" « L n 

~ . 4 f cos x 

Putting x = 0,wegetO = |-l(A + ^ + ^ + j 

Example 2. 7/ /fa) = 0, ~n<x<0 
= sin x, 0£x£7U, 



8 "l 2 + 3 2 + 5 2 + * 



prove that fix) = — + ^ stn x - — V 

Hence show that 

... 1 1 1 1 

(i) — + . + 1 = — 

1.3 3.5 5.7 2 



cos 2nx 



1 1 1 



k-2 



Sol. Let fix) = + ^ a n cos nx + ^ b n sin nx 

If 71 1 T f 0 f n 12 

Then o 0 = - J Jlx) dx ■ - J 0 dx + sin x dx = - 

If" iff 0 r 

a = — /lx) cos nx dx = — 0 dx + 



sin x cos nx dx 



} 



If™ 1 ( n 

= — 2cosnxsinxdx = — [sin (n + l)x - sin (n - 1) x] dx 

ZTZ JO £K JQ 



x cos (n - l)x 



n-1 



1_T cos(n + l). 

" 2k[ n + 1 

l_f cos (n + + cos (n - l)7t + 1 _ 1 

— 27t L n + 1 n-1 n + 1 n - 1^ 

i r ( - d»»i ^ (, pa-* | i i_i 

"27c[ n+1 n-1 n+1 n-lj 

— -1 — — — I , when n is odd 

n+1 n-1 n+1 n-1/ 

1 f 1 1 1 1 ) , 

— + , when n is even 

JuV^+l n-1 n-t-1 n-lj 
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10, when n is odd, ue.> n = 3, 5, 7, . 
^ , when n is even 
n(n 2 -l) 



When n = 1, we have a, = — [ sin x cos x cix = ^- f sin2xdx = -pLi?JL?£] 
1 nh 2k h 2n[ 2 J 0 

If" 1 f ;0 fir ] 

b n = — /lx) sin nx tfx = — 0 dx + sin x sin nx dx 

n 71 J- w k[). k Jo J 

If 71 1 f" 

» — 2 sinnx sinxcfx = — [cos (n - 1) x - cos (n + l)x] <£x 
2ti jo 2ti Jo 

sin (n - i)x sin (n + l)x 



" 2k 

When n = 1, we have 
1 r* 



n-1 



n + 1 
1 r 



= 0, n * 1 



If* lf n 1 

&, = — sinx sinxc/x = — (1 - cos 2x) <£x = — 
1 7i Jo 2two 2jc 

/W 



sin 2x 



Jo 2 



_1 _ 2 

71 It 



cos 2x cos 4x cos 6x 

+ — + — + . 



1 1 

: — + — sin X 

71 2 



2 2 -l 4 2 -l 6 2 -l 



+ -s.n* 



Putting 



x = 
2 



1 2 v 1 

0 in (1), we have 0 = - - - 4„2 _ 



1 1 1 

+ + — + . 



(2n - lX2n + 1) " 1.3 3.5 5.7 



Putting 



1 _1 

2 K 



K 1 1 2 V 

- in (1), we have l = " + o"~ Z-r 

2 71 ^ it n = 1 

2 ^ (-1)" 



cos nft 
4n 2 -l 



*zl- f ( -* n .-L- UJ--JU I 

4 " ~i (2/i-l)(2n+l) I 1.3 3.5 5.7 J 



J 1 t 1 

1.3 3.5 + 5.7 



7X-2 



TEST YOUR KNOWLEDGE 



1. Find the Fourier series to represent the function 

fix) = - k when - it < x < 0 
« £ when 0 < x < 7t 

it , 1 1 1 
AIho deduce that — «1---<-----k 



20 



A TEXTBOOK OF ENGINEERING MATHEMATICS 



2. Develop f{x) in a Fourier series in the interval (- %, k) Hf[x) = 0 when - tc < x < 0 

= 1 when 0 < x < it. 

3. Find the Fourier series expansion for fix), iff[x) = -k,-ti<x<0 

= x, 0 <x < n 

1 1 1 rc 2 

Deduce that -5- + + -5- + = — , 

l 2 3 2 5 2 8 

Hint. For the deduction, put x = 0 in the expansion of fix). 

/»-« — Kand/W + 0)«0 ... f[Q) = - [f(0 - 0) + /(0 + 0)) = - ~-j 

4. Find the Fourier expansion of the function defined in one period by the relations 

fix) = 1 for 0 < x < n 
= 2 for n < x < 2n 

and deduce that -^-=1--^ + -^--^- + 

5. Find the Fourier series of the following function : 

f{x)=x 2 , Q$X<K 
= -x 2 , -iz<x$0. 

6. An alternating current after passing through a rectifier has the form 

i = I 0 sin x for 0 < x < k 

= 0 for n<x<2n 

where I Q is the maximum current and the period is 2ji. Express i as a Fourier series. 

7. Obtain Fourier series for the function 

] x for -n<x<0 
A*) = |_ x for 0 < x < n 

and hence show that 

1 1 J_ 

7" + 3 2 + 5 2 + " 8 
3. Find the Fourier series for the function 

K 

-1 for - te < * < - - 

n it 

0 for--<*<- 

1 f 0 r-|<*<7i 



fix)-- 



Answers 



4k ( . sin 3* ^ sin 5x \ o ff*) - i + — ( 
1. /(*) » ~ ^sin x + — - + - + J *'/w- 2 nl 

n 2 ( cos 3jc c os 5.t ^ 1 ( o • _ £ 

3. /u)--5-|(«-**.-?-*-?- + M 3sinx 



sin 3x sin 5* 
in 2* . 8in3l .5ini£ + . 
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5. fix) = 2^7i - i j S i n x __ n sin 2x +■ ^ - ~ j sin 3x - | sin Ax ■ 



6 . ; = k^ sin ,_2Iof^ 



2 2 *~ „ I 2 2 



2x cos 4x cos 6x ] 



py /r*.» _ 71 , 4 ( cos x cos 3.x: cos 5.x: 

f {x > - - - + - ~5 — + — r~ + — t~ + 

2 V 1 3 2 5 2 
3. /U) = f (sinx- s in2x + ^- ) 



1.6. CHANGE OF INTERVAL 

In many engineering problems, it is desired to expand a function in a Fourier series over 
an interval of length 21 and not 2n. In order to apply foregoing theory, this interval must be 
transformed into an interval of length 2k. This can be achieved by a transformation of the 
variable. 

Consider a periodic function fix) defined in the interval c < x < c + 21. To change the 
interval into one of length 2k, we put 

x z nx , kc 

— - — or z - — so that when x - c, z - — - a fsav) 

In I I 

j - nt K(C + 2l). TC rt _ rt 

and when x = c + 21, z = = — + 2 it = a + 2ji. 

Thus the function "/U'J of period 21 in ic, c + 2/) is transformed to the function 

/ l~j = F(z), say, of period 2n in (e/, d + 2n) and the latter function can be expressed as the 
Fourier series 

F(z) = ^ + X a„ cos nz + X 6 » sin n2 ...d) 
where a ft = - Ffz)dz;a = - F(z) cos nz dz ; and = — F(z) sin nzdz ...(2) 

TEX Tt 

Now making the inverse substitution z = — , dz = y dx 
When z = of, x - c and when z = d + 2tc, x = c + 2/. 



The expression (1) becomes F(z) = F = /W = + ^ a> n cos + ^ b„ sir 

* « 1 « ss i 

nnx , , 

~j- and the co-efficients a 0 , a n , 6 n from (2) reduce to 

o n ^ y J f\xi dx , « ( = y J fix i cos ™ tlx ; and 6„ = ~ | /lv) sin ~ f/x 
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Hence the Fourier series for f(x) in the interval c < x < c + 21 is given by 

1 „ v a 0 v nnx V l nnx I 
' A*> = V + L a n cos — + 2- 6 « sin *T" / 

^ £ nrl * n=l < / 

/Sc + 2/ 1 f c + 2 ' rtTCJC , , . ir* 21 *, • n ™ j 

where a 0 = fix) dx, a n = y cos--- dx and 6„ = y /W sin — dx. 

Cor. 1, If we put c = 0, the interval becomes 0 < x < 2/ and the above results reduce to 

a 0 = j J Q flx)dx; a n *~] Q fix) cos— dx; and a„ » y J q /&) sin — dx. 
Cor. 2. If we put c = - / , the interval becomes - 1 < x < I and the above results reduce to 

a o«7,L,/M«k a„ = yJ w /Cx)cos— cb and 6 n = y J f /(*) sin — dx. 
If f(x) is an even function, we have 

2 r' 2 r' nnx , . 

"0 = 7 Jq ^ dX - C n ' 7 J 0 C ° S ~T dX " = 

If f(x) is an odd function, we have a 0 = 0, o„ = 0 
2 f' , . nnx , 



and 





ILLUSTRATIVE EXAMPLES 











Example 1. Find Fourier expansion for the function fix) = x - x 2 t 
SoL Let fix) = ^ + J] o n cos mix + £ 6„ sin nnx. 



■ Kx<l. 



Then 



= j\x-x 2 )dx = fxcfc-fr* -2 
: J^Cx - x 2 ) cos rircx cfcc = I i x cos nTo: dx - j x 2 cos nnx dx 



2 
" 3 



= 0-2 cos nrtx dx = -2 
Jo 



2 sin nTtt 



nn 



[ 2 cos nn ] -4(- l) n 4(- 

= J^Cx - x 2 ) sin nTu; dx = J ^ sin nnx dx - |_ a x 2 sin nnx dx 

,i f ( cos mix , f sin nnx \\ l 
= 2j o x S inn:ixdx-0 = 2^[ —J - H~W~JJ 0 

r F cosh*] -2(-l) n _2(-D n ^ 

L «K J ^ nn 
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1 4 ( cos %X COS 271X + cos 3 TlX 



3 k V 1 



2 f sin tix sin 2rcx sin 3rcx 
+ - 



+ k{ 1 2 ' 3 2 

Example 2. Find f/ie Fourier series to represent f(x) = x 2 -2, when -2<>x<>2 
Sol. Since f{x) is an even function, h n ~ 0, 



Let 



2 f2 

Then a Q = - (x 2 - 2) dx = 
u 2 Jo 



-2* 



f 2 nilX 

I (x 2 - 2) cos — dx 
Jo 2 



2 r 2 

2 



sin - 



(x 2 -2).- 



-2x 



~2~ 

16 cos 16(-D" 



nnx 

cos 

2 


+ 2 




7l7tX 

sin 

2 


n n 




llV 


I 4 J 






8 



\1 2 



X 2 -2 : 



jcc 1 1 3nx 

COS COS TlX H COS 

2 4 9 2 



2 16 1 

3 k 2 

Example 3. Expand f'(x) - e~ x as a Fourier series in the interval (- I, I). 
Sol.Let/U) = e - = ^ + £ o n cos^+ T fe„siniH?£ 

2 II -1 * n=l * 

Then a 0 = jjVd**j 



1 , , _,. 2sinhi 



1 r' _ nnx , 1 
a rt = T J^cos— dx=y 



1 + 



(?) 



( nTix nn . 'nnx^ 
-[-cos 1r + T 8in- r J 



I 



- [~e~ l cos nn + cos 
If', nnx 



1 f 1 . "71% 



e 1 " cos 6x dx = — = 5- (a cos 6x + 6 sin 

J a' + b* 

2Z cos nn fe'-c-M 2Z(- 1)" 
* ~ T^Kn^)' 2 " [ 2 J = * 2 +(; 



bx) 



sinh I 
(nn) 2 
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e~* ( . n-nx nit nnx\ 

77^vl- sin — -t cos -t 
1+ It) 



1 


"nit 


l 2 +(nn) 2 


I 



e ax sin bx dx - — T (a sin bx-b cos 6x) 

' a*+b 2 

c cos «7i f e ' - e~' 1 2^71 (- 1)* sinh £ 



1 2M7C i 

T77 



e~* = sinh / 



-2tx 



1 JtX 

cos- 



1 



i / 2 + 2'V 



2nx 
- cos — r- + 



I 2 + (tin) 2 



1 37CX 

/ / 2 +3V° OS / 



. tlx 2 . 2ra; 3 . 3roe 
72 2" sin — - — — -T- T sin — — + — -7— T sin — - - 

r+7c 2 l i 2 +2 2 k 2 1 r+ 3 2 7i 2 / 



Example 4. Obtain Fourier series for the function fix) = roc, 0 < x < i 

= ti(2 -x), l<x<2. 

(M.G.U. June 2006) 



Sol. Let /(x) = — - + ^ g n cos rcroc + ^ 6 n sin rcnx 



* 2 T 



x 

T 



Then a 0 = J q /(x) dx = J q tcx dx + Tt(2 - x) dx = 71 

r 2 r 1 r 2 

a = fix) cos nnx dx = rot cos nnx dx + tx(2 - x) cos nrac dx 

n. J 0 ' Jo J l 



sm nroc 



f cos nrac ^ 
:os nrr 3_1 [ cos2n7t + cos 



7t(2-x).- 



12 

1 

-f" (cos - 1) = -f- K- ^ 1] 



• ,f cos/iraA 

•- ( -'TwJ 



- 0 or %- according as n is even or odd. 

bn _ £ ^) sin ^ dx = £ Tix sin nrtx dx + J~ rf2 - x) sin rnvc dx 

^ cos nn j + j^cosmt j _ ^ 



rt(2-x) - 



A ( sin rc7£x>"T 
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K 4 ( cos nx cos Znx cos Snx 
••■ A*>-2~k' ' 





it 4/1 1 1 


\ 


Note. Putting x a 0, we have flO) = ^ ~ k + ^2" 52 


/ 




n 4 ( 1 1 1 




or 




) 




111 n 2 












TEST YOUR KNOWLEDGE 









Find a Fourier series for fit) - 1 - r when - 1 £ t < 1. 

Expand f[x) in Fourier series in the interval (- 2, 2) when fix) = 0, - 2 < x < 0 

= 1, 0 <x<2. 

Develop fix) in a Fourier series in the interval (0, 2) if fix) = x f 0 < x < 1 

= 0, l<x<2. 

Find the Fourier expansion for f[x) - nx from x = - c to x = c. 
Find the Fourier expansion for the function fix) = * - x 3 in the interval - 1 < x < 1. 
Find the Fourier series for the function given by fit) - t, 0 < t < 1 

= 1-/, ]<f<2. 

Find a Fourier series to represent, x 2 in the interval f- /, /J, [M.G.U., May 2009) 

Expand /fx) = e~ s as a Fourier series in the interval 1- 2, 2;. 



9. Expand : /fx) = 



1 n 1 
x . 0 < x < — 

4 2 

3 1 

x , - < x < 1 

4 2 

3 

1, l<x< 2 - 

x-l, -<x<2 
2 



as a Fourier series. 

(0 when -- 2 < x < - 1 

h when -Kx<\ 

0 when 1 < x < 2 . 

U. A sinusoidal voltage E sin M is passed through a half-wave rectifier which clips the negative 
portion of the wave. 

f T 
0 when — <f<0 

Expand the resulting periodic function atf) = < 'p 

! E ftin otf when 0 < f < — 



and T = — , in ( i Fount*! seru's 
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Answers 

- , i2 2 4 f cos 2rcf cos Znt 

1. 1 - t 2 = - + -y COS n - — ~2~ j+ = ... 

3 r I 2 2 ( 3 2 

2 rtr\ - 1 a. 2 fair, ^ 1 P : JlK, 1 ■ OK* 

3. /( i ) = I-4.(cos n x + ~i|li + £2i|2i + LAf, in „ + £»!Ji*L + «!!l^ + . 

4 re 2 V 3 2 5 2 J JT V 2 3 



4. A^.^^-l^^U^^). J 

5. ^^(sin^-^jH^ 31 "^- ) 

it 3 V 2 3 3 3 i 

c fl.i 4 ( . cos 3itf cos 5tt 1 2 1 sin 3iu ^ 

6. m,---^cos« + __ + __ + J + _[ siniI , + __ + ) 

7 t 2 = — iil f cosnx/l _ cos2id:// cos3rcr/f cos4nx/f ) 

o v • i_ o 1 , ( 1 TDT 1 1 3KX ) 

8. e x = sinh ^ — - 4 —z ^ cos — 5 5—3- cos ax + 5—5- cos 

[2 |^2 2 + ji 2 2 2 2 + 2V 2 2 + 3 2 t: 2 2 J 



0 j 1 ■ nx 2 3 . 3juc 

■ 2k -tj 7 sin — 5 — stn rcx + 5—5- sin 



sin kx + . 



7 1(1 1) 3fl 1) 

9. /lr> = — + - - + ~ cos TLr - - - - s 

10. fix l - — + — cos — cos + — cos 

2 n I 2 3 2 5 2 J 

2E f cos 2o^ cos 4a>£ cos 6a>r ^ 
~ ~* " I 1.3 + 3.5 + 5.7 J 



E E 

li. u(£) = — + — sin cof 
n 2 



1.7. HALF RANGE SERIES 

Sometimes it is required to expand a function fix) in the range (0, 71) in a Fourier series 
of period 2k or more generally in the range (0, 1) in a Fourier series of period 21. 

If it is required to expand f{x) in the interval (0, I), then it is immaterial what the 
function may be outside the range 0 < x < L We are free to choose it arbitrarily in the interval 
(-/,0). 

If we extend the function fix) by reflecting it in the y-axis so that f[- x) - f[x) t then thr 
extended function is even for which b n = 0. The Fourier expansion of fix) will contain only: 
cosine terms. 

If we extend the function fix) by reflecting it in the origin so that /(-.*) - -fix), then thi 
extended function is odd for which a 0 = a„ = 0. The Fouriur expansion ft fix) will contain onlj': 
sine terms. 
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For example, consider the function 
fix) = x, 



<x<n 




(Reflection in the;y-axis) 



Y 






n/2- 






-n - n/2 






\ 


10 k/2 




V 


-n/2 





(Reflection in the origin) 



— „ v „„„ ^ uveaecuon in tne origin; 

Hence a function /tx) defined over the interval 0 < x < I is capable of two distinct half- 
range series. 

nnx ] 



nThalf-range cosine series is fix) = — + Y a cos 
where a 0 = | £ /U j dx ; a n = | £ Ax) cos ^~ dx. 

The half-range sine series is fix) = £ b n sin • where b n = 7 f ' /to sin ^ dx. 



r. If the range is 0 < x < k, then 



ii) The half-range cosine series is fix) = ~~ + 2w a « cos nx 

2 A-l 



where a 0 = - f /U) dx ; a = - P /(x) cos nx dx. 

(ii) The half-range sine series is fix) = Y £> sin nx, where 6 = — f /(x) sin nx dx. 





ILLUSTRATIVE EXAMPLES 









L.Admpie x, Expand nx~x £ in a half-range si 
tf tree terms. 

Sol. Let nx - x 2 = ^ sin nx, then 
/i = i 

2 r* 

6 = — (rex - x 2 ) sin nx dx 
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{nx 



- x «, «^ j _ (n _ 2x) f _ £^ j + ( _ 2) j 



2 cos tin 2 

~ + — r 



' — T [1 - (- 1)"] 



: 0 or — - according as n is even or odd. 



2 8 



sin3x sin5x 



Example 2. If ffxj = x, 0 < x < 



show that (i) f(x) = ~\sinx~ 
K L 



= 7C — jc. — < a: < it 
2 

sin 3x sin 5x 



,.,v - . n 2[cos2x cos 6a: cos 1 Ox 

4 nl r 3 2 5 J 
Sol. (£) For the half-range sine series. 

Let fix) = ^ b r sin nx 
2 r 



Then = 



sin nx dx ■■ 



2 r* 

- m 

7t JO 

■(- a r s ) 



■1.1-51=?. 

n 



p*/2 /-n 

xsin/zx(Zx + {n - x) sin nx dx 

JO Jjt/2 

_ cos nx j _ ^_ ^ f sin nx j 



7C M71 1 . nit 
— cos — + — n- sin — 

2 n 2 2 



2n 



ji fin 1 . 
— cos — + — rr sin — 
2n 2 n 2 2 



When n is even, b n = 0. 



" 2 /Z7C I 4 .mi 
sin — = — - sin — 
jt l 2 J nn 2 2 



4 



sin 3x sin 5x 
sm x = — + — o— 



(ii) For the half-range cosine series. 

Let f[x) - ~- + ^ a n cos nx 

2 c 71 2 f r*^ r* 

Then a n = - f{x)dx = - xdx+\ (n-x)dx 
0 n Jo 7t [Jo Jn/2 

2 

~ K 







ji/2 




n 




x 2 












+ 








2 






n/2_ 






0 
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2 








_ 2 


V" 


71 






(*-*! 




4 



2 

= - 1 m 

K JO 



cos nx dx = 



r 



* cos nx cix + 



f (tt - x) cos rue o?jc| 

Jn/2 j 





Jt/2 




( cos /tx ^ 






I n 2 JJ 







s nx 

„2 



it/2 

/in: * 



2 f n . nn 1 rift 1 1 2 f cos ?i7t n . nit 1 «t 

: — — sin — + — r* cos ^ + — sm — + — cos 

7X L2n 2 « 2 2 * 2 J 7t|_ n 2 2n 2 n 2 2 

2 rj 

71 L« 



2 [ nn 

— ^- 2 cos 

n 2 I 2 



2 mtc cos nn 1 

,S T ^""^ 

2 -2 

a » 0, a 2 = — -7T (2 cos it - cos 2rc - 1) = n~ » 

7t . 2 7t , 1 

2 

a 3 = 0, a 4 = 0 f a 5 = 0, a 6 = — (2 cos 3ti - cos 6tt - 1) 

71 . 6 



cos nn - 1 



a 7 = 0, a 8 = 0, a 9 = 0, a 10 = — —j (2 cos 5rr - cos 10tx - 1) = — 
71 . 10 7t . 5 



jt 2 

Hence /(x) = — — 

4 71 



cos 2x cos 6.x cos 1 Ox 



Example 3. Find a series of cosines of multiples of x which will represent x sin x in the 

K~2 



interval (0, n) and show that ~r - ~z + rrr ~ = — 

1.3 3.o 5.7 4 

Sol. Since x sin x is an even function of x, b„ = 0 



Let x sin x = ~~- + A g„ i 



Then a n 



2 r» . 2 
— x sm x ax - — 

71 J0 ft 



— [- 7t COS 71 1 = 2 
7t 



x(- cos x) - 1 . (- sin x) 

2 r n 1 r n 

— I x sin x cos hx dx = — x (2 cos nx sin x) dx 
jt Jo ft Jo 

1 r* 

— x [sin (rc + 1) x - sin in - 1) x] dx 
7t Jo 

J cos (/i + l)x + cos (ti - l)xl | sin (n + l)x _ sin (r? - l)x | 

, when /i * 1 



7t cos (n + l)7t 7t cos (n - l)ft 



n + 1 



n-1 



„ ■*■ 1 ' * n 2\ ~ { ] j fI - 1 ft ' + 1 I = (n - iXn - 
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When n = 1, we have 
2 p 



x sin x 



z r . 1 r 

a, = — x sin x cos x dx - — 
1 71 Jo ]X J( 

_ J. f rc cos 2tc 1 1 
""*L 2 J = "2 

1 rt ( cos 

= l--cosx-2[— 



x sin 2x c/x = — 

0 7C 



xl-^l-l 



I sin2x V 
V 2 2 J 



2x cos 3x cos 4x 
3 2.4 + 3.5 



Putting x = f.weget § = 1 -2 g + ^ + 



Hence 



_2 2 ^ 2 

* 1.3 3.5 + 5.7' 
J2 2_ J_ 

1.3 3,5 + 5.7 * 
_t 1_ J_ 

1.3 3.5*5.7" 



k-2 



Example 4. Obtain the half-range sine series for e x in 0 <x < 1. 
Sol, Let e x = ^ b n sin nnx, (since / = 1) 



Then b 



n Jo 



e* sin nnx <ix = 2 



l + Cnnr 



- (sin nnx - nn cos nnx) 



e°~ x sin bx dx = - 



■ (a sin 6x - 6 cos bx) 



= 2 



1 + (nnr 
2 



- (- nn cos nrr) - 



l + Urcr 



■(-nn) 



2" 2 [-ewi (- l) n + nn} , . 



^[1 -«(-!)■] 



^ n[l-e(-l) rt ] 
Hence e x = 2tc > — : 2T2 



. 2« 



1 + e 



1+jT 



2(1 -e) . 0 3(1 + e) . _ ^ 
sin nx + — 1 sin 2ttx + - — 7-^ sin 3nx + 



In- 4tc" 



1 + 9k* 



Example 5. Develop sin ^j-j in half-range cosine series in the range 0<x<L 

(M.G.U, May 2009) 

n nx 



Sol. Let sin = li~ + Z °< 



cos 
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TOO 
COS — 



71 

1 



2 r< . roc , 2 
then a 0 = — sin — ax = 7 

0 / Jo Z / 

2 c l , nx nnx t 
a = — sin — cos — r~ ax 

n No l l 

1 r' r - / 1X roc . , , x la 

= - sin (n + 1) — - sin (n - 1) — 
No [ 2 / 



2 4 

: - — [COS 71 - 1] = — 

n n 



dx 



COS (n + 1) *y- COS (n - 1) — 



0.-1)5 



i t Jo 

I cos(n+l)7t costo-Prc] ( 11 1 
\ n + l + n-1 J 1 n + 1 + n - 1 j 



(- ir* ] (- D"- 1 1 
- + + - 



n+1 



n-1 n+1 n-1 



When n is odd, a /( = — 



1 t 1 t 1 L_l = o 

n+1 n % - 1 n+1 n-lj 

if 1 1 1 1 1 
When n is even, a„ = - - — f + — - 



1 1 

n-1 



ji(n + lXn - 1) 



sin 



2 _4 

7t 7t 



2tu: 4 Tlx ^ a 6tix 

COS — — COS — r— COS — — 

L + L- + £— + , 



1.3 3.5 5.7 

Example 6. Obtain a half-range cosine series for 

I 

f(x)=kx for 0<x<- 

l 

= k(l~x) for ~ <x<L 
111 

Deduce the sum of the series ~j? + ~p' + lj2 + 
Sol. Let fix) = -f + L a n cos ~ 



then 
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kx 2 


in 

+ 


■H) 


/ " 


2 


0 




112 _ 



a rt = T J o /(x)cos — dx = T y o te. cos — dx + j^ 



2 8 

•J/2 



2 



t /i ^ ^7tX J 

«(t - x) . cos —7- ax 
'f/2 / 



1 1 . MIX , r MIX 

kx . — sin — — + k . - cos — — 



1 . rtTUC . / 2 ^71X 

kil-x). — sin— — -A.-5-2-COS — 



1/2 



2mi 



Ml kl 2 ( Ml \ 



- kl 2 kl 2 . Ml kl 2 Ml 

— COS Ml - — sin — + cos T 
? 2 7t 2 2mt 2 n^n ^ 



2^ 2 nic /ei 2 ____ 

• COS — ^ — — COS Ml 



9 «2_2 M 2_2 



2kl L Ml 



1 - COS Ml 



When n is odd, cos ^ = 0 and cos rat = - 1 •'• a n = 0 Oj - a 3 = a 5 - -0 

2ki -hi 

When n is even, a 2 = [2 cos 71 - 1 - cos 2n] = - ^2 \ 

i* 7t 

a. = -^Tt2 cos 27C-l-co S 4*3 = 0 
4 4 2 7t 2 

a fi = -T^f£ 2 cos 3k- 1 -cos 6tc] 

= 2*J ( „ 2-1-1) = -^ and soon. 
6 2 tc 2 6 rc 



kl Ski ( 1 2iu 1 rnq 6jtx 

x = /,/in = o 

/. From (1), we have 0 = — -^^2 6 2 " } 



..(1) 



Putting 
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Example 7. Express fix) = x(n - x) ; 0 < x < n as Fourier sine series in period 2n. 

(M.G.U. Dec, 2007) 



Sol. The Fourier sine series expansion of fix) is fix) = 2^ & n sin nx 

n = l 

2 C K 

where b = — /"(*) sin nx dx. 

K JO 

2 

Now, b n = - (rac-x z ) sin nxcfx 

2 I / 2\ _ cos nx i _ x - sin nx , cos nx 
= - (itx-x^) (n - 2x) = — + C-2) — 



ft L n 
2 (-2)cosnn 2 (-2) 
n n 3 h n 3 

- 4 

= — ■=- (cos nn - 1) 

7tn 

= ~ [(-D' l -1] 

n 7i 



Z_ 4 
— — [(_ i)« _ i] s i n nx . 
„ 1 n k 

Hence the result. 



Example 8. Find Fourier cosine series of fix) = |* 



x 2 in 0 < x* < 2 
x in J < x < 2 

(M.G.U, Dec, 2007) 



Sol. Let /to»^- + J a w cos nTLt 



n - 1 

2 r 2 



where a = — f Ax) cos dx . 

" 2 Jo 2 

2 r 2 
2 Jo 



a 0 



Now a 0 = J 2 /*(x) <ix = J 1 x 2 rfx + J 2 (2 - x) dx 



3 Jo I 2 Ji 3 ^~ 2 ^ 6 

f 2 f . nTtx , 
= Jo f ( *> cos — 

x cos — — — dx •*• (2 -x) cos -—dx 
Jo 2 Jt 2 
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. nn ixk nn 

sin — x - cos ----- x - sin — x 

2 2x + 2 2 — 



nn 
2 



(?) (?) 



. nn nn 
sin — x - cos --- x 

(2-jc)-_-2 _+ 2_— 

?17C 



- sin I — I + 0 9 cos — 5—5- cos (nn). 



Hence the half range cosine series of fix) is 

A*) = — + 2. On COS — 

n = 1 



12 



f [ 8 . fnit^ 12 ( nn) 4 , * 



(?) 



f nnx ) 





TEST YOUR KNOWLEDGE 









(a) Obtain cosine and sine series for fix) = x in the interval 0 £ jc < n. Hence show that 



1 1 
-77 + — K" 



8 



M.G.U. May 2009) 



(b) Prove that for 0 < * < / 



t 

X= 2 



( mc 1 3tu- 1 5rac > 

[«-t + f €0, t V C03 ~r + J 



Find the half-range cosine series for the function f[x) = x 2 in the range 0 < x < it. 

Find the half-range cosine series for the function fix) = (x - l) 2 in the interval 0 < x < 1. 



(M.G, 17, May 2005 ; M.D.U. ) 



Hence show that 



4 2 + " 12 



,... s 1111 *r 

l 2 3 2 5 2 7 2 8 
4. (a) Express sin x as a cosine series in 0 < x < n. 

ih) Show that a constant function c can be expanded in an infinite series 
sin 5* 



4 ( . sin 3x 

- sin * -t- - 



3 



„ * + I in the range 0 < x < k. 

5 J 
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5. If 



then show that fix) = -j^ 



6. If 



4m 

then show that/U') = 

n 



7. Express fix) = x as a half-range, 
(t) sine series in 0 < x < 2. 



n 
3' 


71 

0Sx< ? 


0, 


n 2rc 

— < v < 

3 3 


n 

" 3' 


y<x<7t 


cos a: - 


cos 5x cos 7x 
+ 

5 7 


mx, 


Tt 


m in - 


Tt 

x) t — <x£n 


sin x 


sin 3x sin 5x 
3 2 ' 5 2 



8. Show that the series - V — sin represents ~ / - x when 0 < x < I 
Tt ' n l £ 

n = 1 



(it) cosine series in 0 < x < 2, 

2rt7tX 1 



1 1 

9. Find the half-range sine series for fix) - -j - x, 0 < x < - 



4 ' 



-<x<l. 



10. Represent the following function by Fourier sine series 

I 

fix) m 1 when 0 < x < ^ 

= 0 when 4 <x < I. 
2 

1 1. Find the half-range sine series for the function fit) = t - f 2 , 0 < t < 1. 

12. Prove that for 0 < x < Tt, 

cos 4x cos 6x ^ 



13. Let fix) = 



Tt 2 ( cos 2x 



f I 

I tux, whenO<x< — 
| oo(Z - x), when ^<xS/ 



sh« w that /u)- -rl 

n =0 

Hence obtain the sum of the series 
1 1 

1 + F*F* 
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K 

4 

cos for — £ x S — 
I 4 2 



sin x, for 0 < x < — 
14. If fix) = i w 4 



expand /(x) in a series of sines. 



15. For the function defined by the graph OAB, find the half-range Fourier 
Y 



sine series. 




B(/, o) X 



I 



16. Find the half-range sine series for fix) - — -x, 0 < x <l. 

17. Find the half-range cosine series for f{x) = x sin x, 0 < x < k. 

Answers 



(M.G.U. June 2006) 
{M.Q.U. June 2006) 



(a) 



k 4 ( 



cos 3x cos 5x 



)■■ 



2 sin x - 



sin 2x sin 3x sin 4x 



2. —-4 

3 



3. 



cos 2x cos 3x cos Ax 
COS x t, — + ^ t— +• • 



cos 2 71X COS 371X 

cos roc + = — + — + . 



■] 



2 4fcos2x cos4x cos 6x 
4. (a) z ~ r — + — ^ + " 



JC K L 1.3 



,. s 4 ( . roc 1 . 2roc 1 . 3roe 1 . 4rtx ^ 
, 8 f nx 1 3roc 1 5iu I 

(lt)1 __| ros _ + _ cos _ + _ cos _ + j 

2 T . 7tx . 2 roc 1 , 3rot 1 . 5roc 1 
10. /W = -|sin — + sm — + -sin — + -sin — + j 

8 ( sin Kt sin Znt sin 5itf ^ - J 4^2 ( sin 2x sin 6x sin 10; 
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n - 1 n = 1 



1ft + 1 

cos nx. 



1.8. PARSEVAL'S THEOREM ON FOURIER CONSTANTS 

If the Fourier series of f(x) over an interval c < x < c + 2 Hs g iven as 




. a ft rmx , . j 

f(x) = Y + X ja n cos— --fb n sin- ^ , 



then j [«x)]»dx = ^ + I|] , (a n 2 + b n 2 ). 




Proof. The Fourier series of fix) in c < x < c + 2/ is given as 
a 0 f mix , , n7ix} 

f\x) = Y* £ r n cos ~r * sm ~rj - ,( x) 

wherea 0 = yj /Tx) cfx ; a, t = y f (x) cos — dx ; 6 tt * - J c A*) sin — dx ...(2) 
Multiplying both sides of (1) by fix), we have 



(Xn „ , V"^ „, , 71 TLX } / \ • 727D 



n-1 * n = l 

Integrating both sides w.r.t. x, between the limits c to c + 2/, we have 

r c + 2i 



r 2 ' [A ,)j«dx.^r + " rt*>dx + £«.r 

J c 2 Jc ^ Jc / 

n = 1 

= Y • te o + £ a n {la n ) + J 6„ «6„ ) [Using (2) ] 

M n = 1 n = 1 
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2 

4~ 2 



(Parseval's identity) 



Hence the proof. 

Note. Parseval's identities in different cases : 

U) If c = 0 t the interval becomes 0 < x < 21 and Parseval's identity reduces to 

n = 1 

If c = - ^ the interval becomes - 1 < x < / and Parseval's identity reduces to 

n = 1 

(it) If /lx) is an even function in (- l t I) then - f [f(x)f dx = + V a 2 

Wo 2 ^ " 

n = l 

(Hi) If fix) is an odd function in (- 1, 1) then - f' [f( x )) 2 dx = *V b 2 

I Jo /-< " 

n - 1 

(w)lfflx) = ^ + y a n cos ^ in (0,/) then f f' [fix)} 2 dx = ^! + f a 2 
2 ^—f / /Jo 2 

(y) if Ax) = X 6,1 sin in (0 * /} then f J' [/,( * )]2 S 6 « 2 • 

1.9. ROOT MEAN SQUARE (R.M.S.) VALUVE 

The root mean square value of the function fix) over an interval (a, 6) is defined as 



fix) 



6-a 



dx 



The r.m.s. value of a function is also known as the effective value of the function. 





ILLUSTRATIVE EXAMPLES 









Example 1. Find the Fourier sine series for unity in 0 <x <k and hence show that 
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Sol. We require half-range Fourier sine series for 1 in (0, n) 



Let 



,(1) 



Then 



cos nx 



2 fit 2 
6 & — ( 1) sin nxdx — — 
n k Jo n 



=— [i-(-m 



Now 6=0 when n is even ; and £> = — when n is odd. 
" n n% 

Substituting in (1), we get 
4 



= (cos nn - 1) 

0 Ml 



[V COS Jilt = (- D n ] 



1=1 



(2m - Dti 



o,^ <o m i\ ~ 1 ** I * sin3x sin5x 
sin(2m-l)t or 1 = — | sin x + + + . 



) ...(2) 



Now from Parseval's theorem on Fourier constants - 



f C + 21 0 

£ [/*(*)] 2 c** = 



2/ 



...(3) 



Applying (3) to half-range sine series for 1 in (0, n) 

c = 0, 21 = K, fix) = 1, a 0 = 0, a„ = 0, and 6„= 

We get, f(l) 2 d* = «±|; W 2 



(2m -Dti 



, m = 1, 2 , 



m ^(2m-D 2 ' 

[■i •} 



n 2 , 1 1 



Hence the result, 

Example 2. Find Fourier series of x 2 in (- 7C, jtf. £/se Parseval's identity to prove that 



Sol. The Fourier series of x 2 in (- 7C t 71) is 



4(-l) n 



..(1) 



Here 



2n» 



4(- l) n 
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Now by Parseval's identity from (1), we get 
f {x 2 ) 2 dx = 2n 



9 + 2 h n* 

ft = 1 



2tc^ v-i io 

= + 71 > — r 

9 ^ » 4 



16 



or 



2?r 5 2tc 5 



16 

4 



or 



Y J_ , 1 1 
90 "^ n 4 or l + ^r + ^ + 



71 

: 90' 





TEST YOUR KNOWLEDGE 











1. If fix) has the Fourier series expansion 

2L p cos — f 6 n sm— J inaSx < a + 



2/ 



show that 



[fix)) 

Ja 



n = 1 



2 = 2Z 



2. If fix) = ^ + 2^ a " cos — mO<*<Z 



, then show that 



Jo 



2 2> 2 

* = 1 

3. If /U) a X b n sin in (0, 1), then show that J [fix)} 2 dx = ~ ]T K 2 • 

I 41 ^ 1 (2m - Pro « , • - 

4. Prove that in the range CO. J), * - <j - y 2- (gjw _ 1)2 cos j and deduce that 

A 



111 n 



I 4 3 4 5 4 



96" 



5. Show that for 0 < x < it, 

x(n -x) t 

and hence evaluate V -\. 

1 7 n 



Tt 2 ( cos 2x cos 4x cos 6* ] 



1 
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1.10. TYPICAL WAVEFORMS 

A periodic waveform is a waveform that repeats a basic pattern. It is a single-valued 
periodic function. Therefore it can be developed as a Fourier series. 

We give below some typical waveforms usually met with in communication engineering 
and also the corresponding Fourier series. The student is urged to construct the Fourier series 
in each case. 

L Square (or Rectangular) Waveform 

It is a periodic function of the form given below. 

\ - k for - rc < x < 0 _ _. ~ . 
CO /W-{ h for 0 <x<n>K x + 2n)=f[x) 



i 
k 

- K 










n 


2n 


i i 
3n i 4k ' 5 rt 




j 0 


-k 




i. i 
i i 











X 



Its Fourier expansion is 



„ v 4/e [sin x sin 3x sin 5x 



3 5 

[See Question 1 in Test Your Knowledge on Page No. 191 

f 1 when 0<x<n 
Hi) /W-|o when7i<x<2n ./b + 2jc)-/lx) 



2k 3jt 4k 5h 
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1 2 ( sin x sin 3x sin 5x 

+ + . 



Its Fourier expansion is 

(Hi) 

Its Fourier expansion is 
1 2 ( sin 



jOfor-rc<x<0 

for 0<x<K<K x + 2n) = fr) 



i x sin 3a: sin 5x 

- + — z — + . 



) 



3 5 

[See Question 2 in Test Your Knowledge on Page 20] 



(iv) 



„, / 1 forO<x<7t „ _ . _ , 



O k 2n 

Its Fourier expansion is 



371 



4n 



5n 



6k 



fix) = 

(v) fix) - 

Its Fourier expansion is 



3 2 ( sin x 
2 "ft I 1 



sin 3x sin 5x 
+ — - — + + . 



- — for - n < x < 0 

J ,/U + 27t)=/tx) 

- for 0 < x < n 

4 



sin x sin 3* sin 5x 



II. Saw-toothed Waveform 

It is a periodic function of the form given below. 

(i) /lx) = x, - tc < x < rc and /(x + 2jO = /Ix) 
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Its Fourier expansion is 




(«) f{x) = - x when 0 < x < T and /{* + T) 




III. Modified Saw-toothed Waveform 

It is a periodic function of the form given below. 

„ , f + x for - 7t < x < 0 a _ ^ 

A»>-( 0 for 0Sx<k>K x + 2k) =K x) 



A 


Y- 
rt 


A A 


-3n 




2re 


- rt 


0 




n 


2k 


3rt 



X 
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Its Fourier expansion is 

„ . K 2 f COJ 

/fc) s -+- — 

4 71 V 1 



cos x cos 3x 



sinx | sin2x [ 



IV, Triangular Waveform 

It is a periodic function of the form given below. 



CO 



' 2 + * for - 2 £ x < 0 
^ )= 12-x for 0<x<2'^ + 4) = ^ } 




-2 O 
Its Fourier expansion is 



it ZT u n L 2 J 



1+ 


2x 






71 


1- 


2x 




7C 



, /lx + 2tc) = fix) 
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Its Fourier expansion is 



/M--T 



8 ( cos x cos 3x cos Sx 



) 



[See Example 10 before Test Your Knowledge on Page 14] 

V. Half Rectified Waveform 

It is a periodic function of the form given below. 



(i) 



f 0 for - rc < x < 0 
R x) = I sin x for 0 < x < n 






-3n 



-2n 



2k 



3k 



Its Fourier expansion is 



11. 2 cos 2«x 

/Tr) = — + — Sin X > 



4n £ -l 



(ii) 



fl n sinje for 0<x<7t „ . v 



Y4 



y = i 0 





2 it 



Its Fourier expansion is 



cos 2nx 
4n 2 - 1 



4n 



[See Question 6 in Test Your Knowledge on Page 19] 
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VI. Full Rectified Waveform 

It is a periodic function of the form given below. 

fix) = a sin x for 0 < x < n f fix + it) = fix) 




Its Fourier expansion is 



„ v 4a T 1 cos 2* 



cos 4x cos 6x 
3.5 5.7 



1.11, COMPLEX FORM OF FOURIER SERIES 

We know that in the interval c < x < c + 2i, the Fourier series expansion of /fa) can be 
written as 

We also know that cos 6 = | te (e + «""> and sin 0 = ± <e<» - e"' 6 ) 

Substituting the exponential equivalents for the trigonometric terms in (1), we get 



/ innx in** 



e 1 +e 



IN 



2i 



where 



2 



innx ~ " ^ 



2 ' 2 
Hence the complex or exponential form of the Fourier series is 

inmc 



,..(2) 
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Now multiplying on both sides of (2) by e 1 and integrating from c to c + 21 w.r.t. jc, 



we get 



J f{x).e 1 dx = c n y e 1 

= c n r 2l dx = c n [xl* 2l =c n (21) 



1 fC + *> 

st f(x) 



dx. 





ILLUSTRATIVE EXAMPLES 









Example 1. Find the complex form of Fourier series f(x) ~ (- n< x < n) in the form 



sinh an 



and hence prove that 



a sinh an ^ n 2 + a 2 



Sol. The complex form of Fourier series of fix) in c < jc < c + 2Z is given by 



n = -*> 

Here 2/ = 2k => U it .*. /U) = X c * £ 



1 r c + 2/ 

where c n = — /Xx) e 1 dx 
21 Jc 



...(1) 



Now 



2tc 

l 1 f* 

= -f- f /•(x)e-" u, <i<: = T L J < 



27t J-n 2n 

271 [ 



(a -in lit -<a-m)JE~ 



(a - in) 2n 



e on ( cos fin - i sin rut) - e~°* (cos nn + i sin nn ) 
a - in 

( e ±inn s cos n1t ± i sin nrc ) 
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— ~ (e aJt -<T Qrt )cos rm = - (2 sinh an) cos nn 

2n {a - in) 2n (a - in) 



■ sinh an 



(- T) n sinh an 
n(a- in) 

(- l) n (a + in) sinh ait 



7i (a 2 + rc 2 ) 



Substituting in (1), we get 



(- l) rt (a + m) sinh an 
n(a 2 +n 2 ) 



[V COS IMC = (- 1)*] 



i.e., 



sinh a?: <A (- T) n (a + z'n) injc 

e ax = > 2 "2 6 

7C " a +n" 



.(2) 



sinh an ^ (- l) ft (a + m) 
Putting x = 0 in (2), we get 1 = 2-< a 2 + n 2 
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or 



sinh an 



^ a 2 +n 2 a 2 +n* 



Equating the real part, we get 

* y f IV* a or - = y 

sinhan ^ a 2 +n 2 asinharc ;| f-„a 2 +n 2 



which proves the result. 

Example 2. Find the complex form of the Fourier series of 

f{x) = cos ax in-n<x <n. 
Sol. The complex form of Fourier series in - it to n is given by 

fl*>= E C n einjC -<U Whete C n = i;fj {X)e ~ mXdX 



--r 

1 271 J-Jr 



, cos ax . e" inJC dx = -— 
2% J-k 2k 



(-m) 2 +a 2 



- in cos ax + a sin ax} 



1 



2;c(a 2 -n l ) 



ax 

v f e a * cos (6x + c) = -= r {a cos (6x + c) + 6 sin (6x + c)} 



[e- ,n3t (- in cos an + a sm arc) - e trt * (- in cos aTt - a sin an:)] 
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271 (a 2 -n 2 ) 



[cos nn {- i« cos an + a sin arc + in cos an + a sin arc}] 
[ v c * _ cog nn ± i sin nn = cos ran a (-1)" J 



(- l) n a sin arc 
tt= Tita 2 -* 2 )" 
Substituting in (1) 



n = - 



v (-1)" a sin arc iBX _ asin grc y ( D m* 

/U) = cos ax = > 5 5— e = Z- «2 „2 c 

^ rcCa 2 -n 2 « - a " n 





TEST YOUR KNOWLEDGE 









1. Derive the complex form (or exponential form) of Fourier series for fix) in - it < x < rc. 

2. Find the complex form of Fourier series for e x in - n < x < n, 

3. Find the complex form of Fourier series for e" x in - 1 < x < 1. 

4. Find the complex form of the Fourier series for the function e ax in-*<x< & ven that a is a real 
constant. Deduce that 



• , . Sin JtOf V 1 t \\ 1X a r inX ivhrrr 

(t) When a is a constant other than an integer cos ax = 1 a 2 _ n 2 

n = - « 

- rt < jc < 7i and 

n = - «> 

Answers 



1.12. PRACTICAL HARMONIC ANALYSIS 

When the function /(jc) is not given by an analytical expression, rather by its graph or a 
table of corresponding values at a number of equi-spaced points, we cannot evaluate the inte- 
grals for Fourier co-efficients. However, using the rules of approximate integration, we can 
find approximate values of the first few terms of the Fourier expansions. 

Let the Fourier series for y - fix) in (0, 2rc) by 



y = + ctj cos x + a 2 cos 2x + + 6j sin x + b 2 sin 2x -t 



where a e - y dx, a n = - v cos n.v dr : 6 « - v sin nx dx> 
k Jo " n Jo ' rc Jn * 
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Let the range (0, 2k) be divided into rn equal parts by the points x = x Qt x v x 2 , x m = 2k 

2n 

so that each sub-interval is of the length — . Let the ordinates at these points be denoted by 



m 



y& yp » ^m* 

Using the trapezoidal rule of approximate integration, we get 

m- 1 



If 2 * 1 2* , , „ 1 v „ 



: 2 [mean value of y in (0, 2k)] 

1 f2* 



1 r a 

a = — y cos nx ax 



12k, 

~ ■ ~ % C0S ^0 + *1 cos + + Xn-1 C0S nX m-\> 



1 ' " 

= 2x — V y cos nx =2 [mean value of y cos nx in (0, 2ti)] 
m r-0 

If 2 " , 1 271 , . 

6 = — y sin nx ax « — . — (y n sin nx n + y, sin nx, + 

" 7i Jo jt m u u 1 



*0 

1 f2« ^ 1 2tt 

n < 

. m - 1 

= 2 [mean value of y sin nx in (0, 2k)] 

The process of finding the Fourier series for a function given by numerical values is 
known as harmonic analysis. 

The term (a cosx + ^sinx) is called the fundamental or first harmonic, the term 
<a 2 cos 2x + 6 2 sin 2x) is called the second harmonic and so on. 

The number of ordinates used should not be less than twice the number of highest harmonic 
to be found. 





ILLUSTRATIVE EXAMPLES 











Example 1. Analyse harmonically the data given below and express y in Fourier series 
upto the third harmonic : 

«, o f f T T 2 " 

1.0 1.4 W '' 7 A5 " ; '° 

Sol. Since the last value ofy is a repetition of the first, only the first six values will be 
used. The length of the interval is 2rc. 

Let y - SSL + ((Jj cos x + 6, sin x) + (a 2 cos 2x + 6, sin 2x) + (a, cos 3* + 6, sin 3*) 
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The values of x, y, sin x, cos x, sin 2x, cos 2x f sin 3x t cos 3x are tabulated below : 



X 


y 


COS X 


sin x 


cos 2x 


sin 2x 


cos3x 


sin 3x 


0 


1.0 


1 


0 


1 


0 


1 


0 


Tl 

3 


1.4 


U.o 


U.ODD 


— U.o 


U.OOO 


— i 


A 
U 


271 

3 


1.9 


-0.5 


0.866 


-0.5 


- 0,866 


1 


0 


« 


1.7 


-1 


0 


1 


0 


-1 


0 


4n 
3 


1.5 


-0.5 


0.866 


-0.5 


0.866 


1 


0 


5n 
1 3 


1.2 


0.5 


- 0.866 


-0.5 


- 0.866 


-1 


0 



Using the values in the above table, we have 
2 
6 



a 0 =-£y = |(8.7) = 2.9 



a, = - ly cos x = - [1(1.0 - 1.7) + 0.5 (1.4 - 1.9 - 1.5 + 1.2)] = - (- 1,1) = - 0.37 
1 n 6 * 

b, =- Sy sinx= | [0.866 (1.4 + 1.9 -1.5 - 1.2)] = ^[0.866 (.6)] « 0.17 
1 n 6 

a Q = - Zy cos 2x = £ [1(1.0 + 1.7) - 0.5(1.4 + 1.9 - 1,5 + 1.2)] = | [2.7 - 3] = 0.1 

* n 6 0 



6 9 = - ly sin 2r = 4 [0.866 (1.4 - 1.9 + 1.5 - 1.2)] = - [0.866 (- 2)] = - 0.06 
1 n 6 ° 



- Zy cos 3x = | [1.0 - 1.4 + 1.9 - 1.7 + 1.5 - 1.2] = | (0.1) = 0.03 
n 6 * 

2 

6, = — Zy sin 3x - 0 

y = 1.45 + (- 0.37 cos x + 0. 17 sin x) - (0.1 cos 2* + 0.06 sin 2x) + 0.03 cos 3*. 
Example 2. TVie following values of y give the displacement in inches of a certain machine 
part for the rotation x of the flywheel Expand y in the form of a Fourier series : 

3ti 4n 5% 

0 ~ — a 6 6 

17.3 11.7 



71 

6 

9.2 



2n. 
6 
14,4 



6 
17.8 



i 

Sol. Here length of interval is 7i f i.e., I = ^ 

Let y = + [ Bl cos J| + 6 t *» ||) + (a, cos g + 6, sin Jg) . 



^2. + ( a , C os 2x + b, sin 2x) + (o 2 cos 4x + 6 2 sin 4x) + , 
2 1 
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The values of x t y, sin 2x t cos 2x t sin 4x t cos 4x are tabulated below : 



X 


y 


cos 2x 


sin 2x 


cos 4x 


sin 4x 


0 


0 


1 


0 


1 


0 


K 

6 


9.2 


.5 


.87 


- .5 


Q7 
,o / 


2k 

Q 


14.4 


-.5 


.87 


-.5 


-.87 


3tt 
6 


17.8 


-1 


0 


1 


0 


471 

6 


17.3 


-.5 


-.87 


-.5 


.87 


5rc 
6 


11.7 


.5 


-.87 


-.5 


-8.7 



Using the values in the above table, we have 



a 0 = -Iy = ~ (70.4) = 23.46 
n o 

2 ^ 2 
a i = ~ Ly cos 2x = - [.5(9.2 - 14.4 - 17.3 + 11.7) - 17.8J 

= ~ (-23.2) = -7.73 

2 2 
= - Xy sin 2x = - [.87(9.2 + 14.4 - 17.3 - 11.7)1 

= |[.87(- 5.4)] =-1.566 

2 2 
a 2 = - Zy cos 4x = - [- .5 (9.2 + 14.4 + 17.3 + 11.7) + 17.8] 

= | [- 26.3 + 17.81 = ~ (- 8,5) = - 2.83 

b % = | ly sin 4* = | L87 (9.2 - 14.4 + 17.3 - 11.7)] = ^ [.87 (4)] = .116 

y = 11.73 - (7.73 cos 2x + 1.566 sin 2x) + (- 2.83 cos 4x + .116 sin 4x). 
Example 3. Obtain the constant term and the co-efficients of the first sine and cosim 
terms in the Fourier expansion of y as given in the following table : 
x: 0 1 2 3 4 5 

y.' 9 18 24 28 26 20 

Sol. Let the Fourier series to represent y be 

flo j f Tlx , . nx\ ( 2kx 2itx\ 
y = Y + \*i cos — + b x sin — J 4- \a 2 cos =~- + b 2 sin J + 
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The values of x f v, sin ~s cos — are tabulated below 



X 


y 


7UC 

cos — 
3 


. 71X 

sin — 
5 


0 


9 


1 


0 


l 


1 a 


1 

2 


& 
2 


2 


24 


1 

" 2 


Va 

2 


3 


28 


- 1 


0 


4 


26 


1 

"2 


2 


5 


20 


1 

2 


" 2 



Using the values in the above table, we have 
a - -Vv = | (125) = 41.67 



2 jrr 2 

a, = » Zy cos — = - [9 - 28 + \ (18 - 24 - 26 + 20)] = \ [- 19 - 6] = - 8.33 
1 n 3 6 ^ d 



2 70c _ 2 

fe 1 = -Zysin 3 - 6 



— (18 + 24-26-20) 
2 



Example 4, 27ie following table gives the variations of periodic current over a period : 

t (sees.) : 0 T/6 T/3 T/2 2TI3 5T/6 T 

A (amp.) : 1.98 1.30 1.05 1.30 -0.88 -0.25 1.98 

Show, by numerical analysis, that there is a direct current part of 0.75 amp. in the 
variable current and obtain the amplitude of the first harmonic. 

T 

Sol. Hence length of interval is T i.e., I - — 



Let 



a 0 2rt _ . 2nt 

A « -~ L + a x cos — + o : sm — 



where ~ represents the direct current part and + 6? gives the amplitude of the first 
Harmonic. 
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2nt 2lU 

The values of t, A, sin , cos are tabulated below ; 



t 


A 


2nt 
cos —— 
T 


2nt 
sin — 


0 


1,98 


1 


0 


T/6 


1.30 


0.5 


0.866 


T/3 


1,05 


-0.5 


0.866 


T/2 


1.30 


-1 


0 


2T/3 


-0,88 


- 0.5 


- 0.866 


5T/6 


-0.25 


0.5 


- 0,866 



Using the values in the above table, we have 

a 0 = -IA = | (4.5) = 1.50 
n 6 



a, = - ZA cos = | [1.98 - 1.30 + 0.5 (1,30 - 1.05 + 0.88 - 0.25)1 
1 n T 6 

= - [0.68 + 0.5 (.88)] = ~ (1.12) = 0.373 
o o 

2 2,ut 2 

b l = - XA sin — = - [0.866 (1.30 + 1.05 + 0.88 + 0.25)] 



= - [0.866 x 3.48] = 1.005 
o 

A = 0.75 + 0.373 cos — + 1.005 sin — + . 



Direct current part - -~ - 0,75 amp. 



The amplitude of the first harmonic = /af+fcj = </ (0.373) 2 + (L005) 2 = L072- 
Example 5. The turning moment T units of the crank shaft of a steam engine is given for 
a series of values of the crank-angle 9 in degrees : 

6; 0 30 60 90 120 150 180 

T: 0 5224 8097 7850 5499 2626 0 

Find the first four terms in a series of sines to represent T. Also calculate Twhen 8 = 75°. 
Sol. Let the half-range sine series to represent T be 

T sin 6 + b 2 sin 29 + 6 3 sin 39 + b 4 sin 48 
The values of 9, T, sinO, sin 29, sin 39, sin 49 are tabulated below : 



6 


T 


sin 6 


sin 28 


sin 39 


sin 49 


0 


0 


0 


0 


0 


0 


30 


5224 


0.5 


0.866 


1 


0.866 


60 


8097 


0.866 


0.866 


0 


- 0,866 


90 


7850 


1 


0 


-1 


0 


120 


5499 


0,866 


- 0.866 


0 


0.866 


I 150 


2626 


0.5 


- 0.866 


1 


- 0.866 
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Using the values in the above table, we have 

6. = — IT sin 8 
1 n 

= | [0.5 (5224 + 2626) + 0.866 (8097 + 5499) + 7850] 
6 

= | (3925 + 11774 + 7850) = -j (23549) = 7850 
3 «3 

6 9 =-IT sin 28 = | [0.866 (5224 + 8097 - 5499 - 2626)] 

6 n 6 

= | [0.866 x5196]= 1500 

o 

6, = - IT sin 38 = | [5224 - 7850 + 2626] = 0 
J n 6 

b A = - IT sin 49 = | [0.866 (5224 - 8097 + 5499 - 2626)] = 0 
4 n 6 

T = 7850 sin 8 + 1500 sin 28 

When 6 = 75°, T = 7850 sin 75° + 1500'sin 150° 

= 7850 x 0.9659 + 1500 x 0.5 = 8332. 





TEST YOUR KNOWLEDGE 











The following values ofy give the displacement of a certain machine part for the rotation* of the 
flywheel 

x: 0 ° 60° 120° 180° 240° 300° 360° 

y: 1.98 2.15 2.77 -0.22 -0.31 1.43 1.98 

Express y in Fourier series upto the third harmonic. 

The displacement y of a part of a mechanism is tabulated with corresponding angular movement 
x° of the crank. Express y as a Fourier series neglecting the harmonics above the third. 
x o. o 30 60 90 120 150 180 210 240 270 300 330 
y: 1.80 1.10 0.30 0.16 0.50 1.30 2.16 1.25 1.30 1.52 1.76 2.00 
Determine the first two harmonics of the Fourier series for the following values : 
x o ; 30 60 90 120 150 180 210 240 270 300 330 360 
y: 2.34 3.01 3.68 4.15 3.69 2.20 0.83 0.51 0.88 1.09 1.19 1.64 
In a machine the displacement y of a given point is given for a certain angle 0 as follows j 
9-= 0 30 60 90 120 150 180 210 240 270 300 330 
y« 7.9 8.0 7.2 5.6 3.6 1.7 0.5 0.2 0.9 2.5 4.7 6.8 
Find the co-efflciont of sin 26 in the Fourier series representing the above variation. 



56 



A TEXTBOOK OF ENGINEERING MATHEMATICS 



5. Obtain the First three co-efficients in the Fourier cosine series for y> where y is given in the 
following table : 

x: 0 1 2 3 4 5 

y : 4 8 15 7 6 2 

6. The turning moment T on the crank-shaft of a steam engine for the crank angle 9 degrees is 
given as follows : 

0: 0 15 30 45 60 75 90 105 120 135 150 165 180 
T: 0 2.7 5.2 7.0 8.1 8.3 7.9 6.8 5.5 4.1 2.6 1.2 0 
Expand T in a series of sines upto third harmonics. 

Answers 

1* y = 1.3 + (0.92 cos x + 1.097 sin x) - (0.42 cos 2x + 0.681 sin 2x) + 0.36 cos 3x 

2. y = 1.26 + (0.04 cos x - 0.63 sin x) + (0.53 cos 2x - 0.23 sin 2x) + (- 0.1 cos 3x + 0.085 sin 3x) 

3. y = 2.102 - 0.283 cos x + 1.60 sin x - 0.18 cos 2r - 0.49 sin 2x 

4. - 0.072 5. y = 7 - 2.8 cos 0 - 1.5 cos 29 + 2.7 cos 39 
6. T= 7.8 sin 8 + 1.5 sin 29 - 0.03 sin 38. 



